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1. INTRODUCTION

In 1992, B.C. Dhage introduced a new class of gdizedd metric space called D-metric spaces. Foligwthis, Dhage
developed topological structures in such spacergézed metric spaces and presented fixed pesuts. In 2004, Z. Mustafa
and B. Sims [18] demonstrated that most of thendatoncerning the fundamental topological structifrB-metric space are
incorrect. In 2006, they [19] introduced a valichgealized metric space structure called G-metrézsp. Z. Mustafa et al. [19]
proved some fixed point theorems for mappings fsatig various contraction conditions in G-metricasps. Abbas et al. [3]
proved the study of common fixed point theorem&imetric spaces. There are various results in Giengpaces by many
authors [4,8,9,10,11,12,13,14,16,17,20,22,23].

In the establishment of fixed point theorems intidly ordered complete metric spaces with a catima condition, Partial
ordering relation is maintained between the poiB&adati et al. [24] proved some fixed point theweén partially ordered
G-metric spaces. In 2006, the notion of a coupleddipoint was introduced and studied by Guo andshaidikantham and
Bhaskar. Abbas et al. [12] introduced the concepts anda*-compatible mappings. Abbas et al. [2] proved weiccoupled
fixed point using the concepts afand a*-compatible mappings. Hassen Aydi et al. [5,6,7dwd coupled coincidence and
coupled common fixed point theorems for a mixemi@notone mapping satisfying nonlinear contractiongartially ordered
G-metric spaces. In 2012, Z. Kadelburg, Hemant Kuhtahine and S. Radenovic [15] obtained improversioe of some
common coupled fixed point theorems for mappingpantially ordered symmetriG-metric spaces. Stojan Radenovic [21]
used a method of reducing coupled coincidence pesuilts in partially ordered symmet@metric spaces to the respective
results for mappings with one variable. M. Aamrddd.El. Moutawakil [1] proved several common fixpdint theorems for
self-mappings satisfying a new property E.A. whigineralize the notion of non-compatible maps instiiéing of a symmetric
space. The aim of this paper is to prove commorpleaucoincidence fixed point in partially symmet@emetric space for
mappings with E.A property.

2. PRELIMINARIES
Following are the definitions and results concegridmetric spaces.
Definition 2.1

Let X be a nonempty set and pt ¥ x X x X » R be a function satisfying the following properties:
(G1) 9(xy,2=0if x=y=1z
(G2) 0<g(x,xy) forall x,yOX with x#vy;
(G3) g(x, x Y g% y 3, forall x,y,zZO0X with z# vy;
(G4) gxv,2=d%xzY¥= ¢ y z) .., (symmetry in all three variables);
(G5) gxyv,2<s dxaa+ qay})forall xy zalXx (rectangle inequality).

Then the functioy is called a&G-metric onX and the pair, g) is called a&G-metric space.

Definition 2.2
Let (X, g) be aG-metric space and Ie{txn} be a sequence of pointsin
(1) A point xOX is said to be the limit of a sequer{og} if lim_ . 9(x x, x,)=0, and one says that the sequence

{x.} isg-convergence ta.
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(2) The sequencéxn} is said to be a@-Cauchy sequence if, for every>0, there is a positive integéd such that
9(x,, %,, x)<&,forall n,m 1= N; thatis, if g(x,, X,. ) - 0,asn,m,| - co.
(3) (X,9) is said to be g-complete (or a complgkemetric space) if everyg-Cauchy sequence ifX,g) is a

g-convergent in.

Definition 2.3
A G-metric spacq X, g) is called symmetric if
g(x ¥, 9= d¥ %3
holds for all x, yO X .
The following are some examples@metric spaces.
Example 2.1
(1) Let (X,d) be an ordinary metric space. Defige by
g(xy,2=dxy+ dyry dx)
for all x,y, zOX . Thenitis clear thafY', g,) is a symmetri&-metric space.
(2) Let X ={a 1} . Define
g(aaa=9ghhbh=0, g(aab=1 g(abbh=2,
and extendg to XxX'xX by using the symmetry in the variables. Then itl@ar that(X',g) is an (asymmetric)
G-metric space.
Remark 1
If (X,g) is aG-metric space, then
d,(Xx V=0o(x y Y+ dxxy
define a standard metric ofi . If the G-metricg is symmetric, this reduces t), (X, y) =29(X% ¥ ). It has to be noted that in

some cases contraction conditions giveg-metric can be reformulated and used in this stahdwetric, but there are a lot of
situations where it is not possible.

Definition 2.4
Let (X,<) be a partially ordered sef,: X -~ X andh: X - X.
(1) fis said to havé-mixed monotone property if the following two cotidis are satisfied:
(Ox, %, ydX)hx < hx= f(x y=< (% ¥,
Ox v, y, 0X)hy < hy= f(x y)= (xy).
If h=i, (the identity map), we say thiahas the mixed monotone property.
(2) A point (x,y)OXxX is said to be a coupled coincidence point afidh if f(x, y) = hx and f (y, x) = hy, and their
common coupled fixed point if (x, y) = hx= xand f (y,x) = hy=y.
If Xis a nonempty set, then the trigl&, g,<) will be called an ordere@-metric space if:
() (X,9) is aG-metric space, and
(i) (X,<) is a partially ordered set.

Definition 2.5
Let A andB be two self-mappings of a semi metric spa¥ed). ThenA andB satisfy the property E.A if there exists a
sequencg x,} such thatlim d( Ax,, ) =lim d( Bx, § =0, for sometO X .

Definition 2.6
Let (X,g) be a symmetri6s-metric space. Let two mappings X - X and f : X* - X satisfy the property E.A if there

exists sequencds.} and{y,} such thatim g( f(x. ) a a)= lim o hx, a 4=0-
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Definition 2.7
An element(x, y) DX x X is called a couple fixed point for the mappifig x> - X if f(x,y)=xand f(x,y)=y.

Definition 2.8

An element (x,y)OXxX is called a coupled coincidence point of the mageif: x> - X and h: X - X if
f(x,y)=hx and f(y,x) = hy.
Definition 2.8

Let X be a non-empty set. We say that the mappmg¥ — X and f : X¥* -~ X are commutative ihf(x, y) = f(hx hy.
Definition 2.9

The mappingsh: X - X and f : X - X are called weakly compatible iff (x, y) = f(hx hywheneverhx= f(x y) and
hy=f(y, %.

3.MAIN RESULTS

Theorem 3.1
Let (X,g) be a symmetriG-metric space. Let two mappings X — X and f : X* — X satisfy the following conditions.

(1) handf are weakly compatible.
(2) handf satisfy (E.A) property.
(3) f(x? Ohx andhXis a complete subset af

(4) Forallx,y,u,v,s,tOX, the following condition holds:
a(f(x y), f(wV), f(s9) < maxq{ghxhuhs,  hy hy ht
Thenh andf have unique common coupled coincidence fixed point
Proof
Since h and f satisfy (E.A) property, there exists a sequenfg} , {y,} in X such that
Lt g(f(x, ¥%).ad= Lt ghx aa=0forsomeallx.
nI:twg(f(yn, %), b b= nl_of d hy, b b= 0for somebO X .
SinceX is symmetricdG-metric space, we have
Ltog(hx,ag= Lt daahy)=0
Lt g(hy,, b= Ltgbbhy)=0
By (G5), we have
a(fOx, yhahg)s o f(0x, ). ad+ gaahy
Lt g(f(x, ), ahx)=0
So we havelt f (X0 ¥n) = Lthx = as
L)< Ly =
Supposé X' is a complete subspacef Then a =hx for somex X .
andb = hyfor someyOX
We claim that f (X, y) = hx; f(y, X) = hy.
Indeed by (4), we have
a(f % ¥ F(x W), f(x Y) < max{g (hx,,hx, hY, g(hy, hy hy
Taking limit asn - o , we have
Lt g(f(%, %) F(x ), f(x ¥)=0
So we havef (x, y) = hx; f(y,X) = hy
Therefore,(x, y)DX2 is a coupled coincidence point éfand h. The weak compatibility off and h implies that

f(hx hy) = hf(x y and thenf(f(x,y), f(y,¥)= f(hx hy= hi{ x y= b h);
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f(f(y, %), f(x y)= f(hy hy= hiCy = § h).
Let us show tha( f(xy), f(y, x)) is a common coupled coincidence fixed point ahdh.
Supposef (f(x, y), f(y, X)) # f(x Y
In view of (4), it follows
g(f(x ¥, f(x ¥, f(f(x N, f(y )
< max{g (hx,hx, f(x y)), ghy hy f(y %)
=0
which is a contradiction.
Therefore, f (x,y) = f(f(x V), f(y, ¥)= hf( x y and f(x, y) is a common coupled coincidence fixed poinf ahdh. The
proof is similar whenf (X?) is assumed to be a complete subspacgsince f (x?) 0 hX .
If f(x,y)=hx= xand f(c,d)=hc= candx#c y# d, then (4) gives
gxc9=d f(xy, f(ca, {(cq)
< max{ g (hx, hc, ho), g( hy hd hd
g(x¢c9
which is a contradiction.
Sox =c¢; y =d which implies that
f(x,y)=hx= x; f(y,X)= hy= y. Then &, y) is a unique common coupled coincidence fixed fpaoif andh.

Theorem 3.2
Let (X,9,<) be a partially ordered symmetric G-metric spa@s. L: X*> - X h: X - X satisfy the following conditions:

(1) fhas the mixeth-monotone property.
(2) f(X*) 0hx andhX is a complete subspace f

(3) handf satisfy (E.A) property.
(4) fandh are weakly compatible.

(5) Assumeg(f(xy), f(u V), f(s )< ma>{ gaxu9, dy v}l for allx, u, sy, v, t O &' for which hx< hu< hs A hy= hvz ht
orhx=huzhsA hy<hv<ht.

(6) There existx,, ¥, X such thathx, < f(x, y) O hy= f(y, %) or hx, =2 f(>x, )OO hy< f(y %).
Thenf andh have unique common coupled coincidence fixed point
Proof

By (6), let x,,y, 0 X such thathx, < f(x, y,) D hy> f( y, x)or hx;= f(x, y)O hy< f(y, %). Since f(x*) 0hx,
we can choose,, y, 0 X such thathx = f(x, y,) andhy, = f(y,, x)- Sohx, < hx or hy, < hy.

By (1), we havehx, < hx = (%, y< f( % ¥ hy,shy= f(xy)< f( x y)-

Again since f (X*) O hX , we can choosg,, y, [1 X such thathx < f(x, y) O hy> f(y, x)orhx = f(x, y)Ohys f(y, %).
Sohx, = f(x,y) andhy, = f(y, x)- Thereforehx, < hxor hy, < hy. Then by (1), we havex < hx, = (%, Y=< f( %, ¥;
hy, <hy= f(xy)< f(xy).

Continuing this process, we can construct two sece®{x} and{y} in X'such thathx = f(x_, y,,)< hx,,= f( x, y);
hy, = f (% %a) € = f( % %)

By (3), Lt g(f(X,, %), a8@= Lt g hx a3=0forsomealx.

Lt g(f(y, x). bB= Lt hy, bh=0forsomeblx.

Then by Theorem 3.1, Ther, §) is a unique common coupled coincidence fixed poif andh.
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Example 3.3

Let X = @ be equipped with standard ordeandG-metric given asg(x, y, 2 = maxﬂ X— H ¥ |z,| VA |;z. Then (X, g,<)

is a partially ordered symmetri@-metric space. Definef : X% — X as f (x, y) =x—_2y andh: X - X as hx=§- It is
4 2

clear thaf has the mixeti-monotone property. Also it is obvious tha{x?) 0 hx andhX is a complete subspace &f

As in the Theorem 3.2, all the conditions are §iatis
Then (0, 0) is the unique common coupled fixed pofri andh.

4. CONCLUSION

In this work, we proved common coupled coincidefiged point for mappings with E.A property in paity symmetric
G-metric space. We gave an example for our reddlts.results improved and extended various resuistieg in the literature.
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